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A damped chain of particles with harmonic nearest-neighbor interactions in a spatially periodic,
piecewise harmonic potential (Frenkel-Kontorova model) is studied numerically. One end of the
chain is pulled slowly, which acts as a weak driving mechanism. The numerical study was performed
in the limit of infinitely weak driving. The model exhibits avalanches starting at the pulled end of the
chain. The dynamics of the avalanches and their size and strength distributions are studied in detail.
The behavior depends on the value of the damping constant. For moderate values an erratic sequence
of avalanches of all sizes occurs. The avalanche distributions are power laws which are a key feature
of self-organized criticality. It will be shown that the system selects a state where perturbations
are just able to propagate through the whole system. For large damping a regular behavior occurs,
where a sequence of states reappears periodically but shifted by an integer multiple of the period of
the external potential. There is a broad transition regime between regular and irregular behavior,
which is characterized by multistability between regular and irregular behavior. The avalanches are
built up by sound waves and shock waves. Shock waves can change their direction of propagation, or
they can split into two pulses propagating in opposite directions leading to transient spatiotemporal
chaos.
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I. INTRODUCTION

The Frenkel-Kontorova (FK) model [1] (i.e., a har-
monic chain in an external spatially periodic potential)
is a favorite model for disordered systems and glassy ma-
terials because of its huge number of metastable states.
The following topics are intensively investigated in the
literature: (i) the commensurate-incommensurate transi-
tion of the ground state [2], (ii) the lowest excitations in
order to calculate the specific heat [3], and (iii) the over-
damped dynamics for a strongly tilted external potential
in order to understand the pinning-depinning transition
of charge-density waves [4].

In 1987 Bak, Tang, and Wiesenfeld [5] showed that in
weakly driven dissipative systems a huge number of meta-
stable states can lead to a kind of erratic behavior, called
self-organized criticality (SOC). On the phenomenologi-
cal level the key feature of SOC is an erratic sequence
of events (called avalanches) on all scales, i.e., a power-
law distribution of the strength of the event. Usually
this phenomenon is accompanied by a transient where
the distribution does not necessarily show a power law.
Finally the system reaches the so-called SOC attractor.
Bak et al. found this behavior in a cellular automa-
ton (dimension > 2) which mimics a sandpile. Later,
this and other cellular automata as well as coupled maps
were studied in order to investigate SOC [6]. In order
to explain the observed power-law distributions Bak et
al. proposed the following mechanism. The weak driving
moves the system to the “edge” of the stability region
where it is just critical and therefore exhibits no char-
acteristic scales. The edge represents a threshold for the
propagation of a perturbation through the whole system.
The crucial point that Bak et al. assumed is that a state
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outside the stability region will stick just at the stability
edge during its relaxation towards the stability region.
It is interesting to note that in their seminal paper [5]
Bak et al. used the overdamped FK model in order to
demonstrate these properties. But they rejected this sys-
tem for further studies because the same so-called “least-
stable” state always reappears, a feature which is shared
by their one-dimensional cellular automaton in contrast
to the higher dimensional cellular automata that display
SOC behavior. Nevertheless, SOC is possible in the FK
model if inertia is taken into account [7].

The present paper presents results of a detailed study
of the weakly driven FK model. The driving mechanism
is a slow pulling of the chain at one end. Our study
sheds some different light on the complex behavior of
the FK model because it is treated in a regime far away
from previous investigations: (i) the driving force pushes
the system into metastable states with large energies;
(ii) this driving mechanism does not decrease the number
of meta-stable states as is usually the case in depinning-
pinning transition studies; (iii) the dynamics is neither
conservative nor overdamped.

To be more specific, a chain of N + 1 particles, ¢ =
0,1,...,N, of mass m = 1 with nearest-neighbor inter-
action V7 in a spatially periodic external potential Vg is
investigated. We assume that all particles are damped
with the same damping constant g. The equation of mo-
tion is therefore

—z;) — V(i — it1) — Vg(zi).
i=1,...,N. (1)

ii + ga':i = VII(.’L‘i,_l

Particle ¢ = 0 is pulled (or pushed) with constant velocity

zo = vt with |v| <1, (2)
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and particle ¢ = N is the free end of the chain. The
latter condition is taken into account by introducing an
(N + 2)nd variable zx4; chosen in such a way that
V{(xn —zn+1) = 0. Recently, simulations of the original
FK model [7] [ie., Vi(z) = (z — a)?/2, Vg(z) = bcos z]
have been performed, as well as of a FK model with
Toda-like nearest-neighbor interaction (8] [i.e., Vi(z) =
e *+e %z, Vg(z) = bcos z] serving as a simplified model
of a ferromagnetic Bloch-wall array in a spatially peri-
odic field. In this paper the FK model with a piecewise
parabolic external potential (see Fig. 1) is investigated,
ie.,

Vi(z) = (z - a)*/2, ®3)
Ve(z) =b(3 —zmod1)?, b>0. (4)

The general behavior in all cases is the following. The
slow pulling (or pushing in the case of the Toda potential)
locally puts energy into the system at a very low rate.
This drives the system towards an instability at which
at least a fraction of this energy is released and propa-
gates along the chain. Since the chain is damped, the
energy dissipates and the system settles down in one of
the huge number of metastable states. We will call such
an event an avalanche. It rearranges the configuration
of the chain at least locally. Previous studies [7,8] indi-
cate the existence of power laws for the distributions of
avalanche strengths measured by taking the sum over all
particle displacements during the avalanche. In the over-
damped limit the sequence of avalanches becomes regular
as expected by Bak et al. [5].

The external potential in the FK model can be in-
terpreted as a regular array of pinning centers of equal
strength for some objects (e.g., charge-density waves, flux
lines, or Bloch walls). SOC-like behavior has also been
shown to occur in overdamped models with randomly
distributed pinning centers [9,10]. In [9] the same driv-
ing mechanism as in our model was used (i.e., pulling
the chain at one end). The erratic and SOC-like behav-
ior in those models seems to be caused by the random-
ness of the external potential. In our case the inertia
together with the nonlinear character of the external po-
tential cause irregular avalanches (see Sec. VII) which
seem to be responsible for the same type of behavior.

To compare the results with the behavior of cellular
automaton models showing SOC it is important to drive
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FIG. 1. The Frenkel-Kontorova (FK) model with piecewise
parabolic external potential V. An example of a stationary
state and its well numbers and f symbols are shown. The
state is stable for adiabatic moves of the fixed end of the

chain (i.e., the zeroth particle) between zi*/* and z{*9**.
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the system very slowly because deviations are expected
from finite driving. In other words, a separation of time
scales is necessary: a fast time scale is given by the av-
eraged duration of an avalanche, and the slow time scale
is defined as the averaged time interval between the oc-
currence of successive avalanches. Infinitesimally slow
driving means that the slow time scale tends to infinity
because on average two avalanches are separated by an
infinite time interval. The limit of infinitesimally slow
driving cannot be reached in computer simulations of
continuous systems described by differential equations.
Therefore a finite but very small driving is usually cho-
sen to get a compromise between time scale separation
and computer time consumption.

The main advantage of a piecewise parabolic external
potential is the possibility to do the simulations in the
limit of infinitesimally slow drive i.e., v — 0. This is due
to the fact that all stationary states are uniquely charac-
terized by the integer part n; of the particle positions z;
which we will call the well number. In the next section
we show that it is possible to reconstruct the stationary
states from the position of the fixed end z¢ and the well
numbers. Furthermore, we are able to calculate the sta-
bility interval of ¢, i.e., the interval in which an adiabatic
move of o does not lead to an avalanche. Therefore, in
a computer simulation we abridge the adiabatic move by
putting the system into the state at the edge of the next
instability.

There is another reason for choosing a piecewise
parabolic potential: it is well known from the work
of Aubry [2] that in a smooth potential with potential
strength below the so-called “analyticity breaking point”
the ground state can be shifted without energy because a
Goldstone mode exists. Therefore we would expect that
no avalanches occur and the chain would creep over the
“washboard” Vg. It is also well known that the loss of
the Goldstone mode is due to the disappearance of the
so-called “last Kolmogorov-Arnold-Moser (KAM) trajec-
tory” in the two-dimensional symplectic map which de-
scribes all stationary states. The piecewise parabolic po-
tential leads to a purely hyperbolic map which does not
have KAM trajectories.

A model similar to the FK model is the Burridge-
Knopoff (BK) model [11], which was proposed as a model
of an earthquake fault. In recent years various modifica-
tions of it have become popular in order to investigate
SOC [12-15]. The main difference from the FK model
is that the external potential and damping are replaced
by phenomenological stick-slip friction forces. A parti-
cle is at rest if the forces resulting from the springs are
weaker than the static friction force. Originally the chain
is driven by weak springs connecting each particle with
a rigid and slowly moving plate. A driving mechanism
similar to the one in our model was also studied (train
model) [15]. The external potential together with the
damping in the FK model can be considered as a micro-
scopic model for a stick-slip friction law. It has the prop-
erties [16] that (i) the dynamic friction increases with
velocity, and (ii) the static friction is larger than the dy-
namic friction if the damping constant g is not too large.
In that case the friction force is therefore discontinuous
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at zero. Avalanches in the BK model are possible only if
the dynamic friction is less than the static friction. Oth-
erwise only creeping is possible [17]. Other details (e.g.,
whether the dynamic friction decreases or increases with
velocity) of the various phenomenological friction laws
are unimportant.

The paper is organized as follows. Section II deals
with stationary states. It gives the tools for solving the
problem of infinitesimally slow driving in the simulations.
Details of the whole simulation are given in Sec. III. Sec-
tion IV gives a detailed analysis of the SOC attractor.
Section V presents avalanche statistics and attractor dy-
namics for various values of the model parameters. Sec-
tion VI presents details of the avalanche dynamics, and
also discusses the mechanism which leads to SOC in the
FK model. Section VII investigates the transition to the
overdamped case. The concluding section compares the
results obtained here with results from other models.

II. STATIONARY STATES

This section deals with the stationary states of the FK
model with piecewise harmonic external potential. The
methods for (i) generating stationary states, (ii) obtain-
ing compact descriptions (“symbolic dynamics”) of them,
and (iii) calculating points of instability are developed.
Furthermore, the number of metastable states is calcu-
lated.

The stationary states for a prescribed value of z( are
given by the solutions of

0=x41 —2z; + T;—1 — 6[2(:1:1' mod 1) — 1],
1=1,...,N, (5)

where x4, is defined by zn4+1 = zn — a. It should be
noted that every solution of (5) is either stable or meta-
stable, i.e., no linearly unstable solutions exist. This can
be shown by calculating the eigenvalues of the matrix
given by the second variation of the potential energy.
The eigenvalues (i.e., the phonon dispersion relation)

wi =2(1+b—cosk) (6)

are always positive. Therefore the matrix is positive def-
inite, which proves the stability.

A very general way to solve Eq. (5) is the following
(it is also applicable to other FK models [7-9]). Choose
an arbitrary value of z and then calculate iteratively
the sequence zn_1,zN—2,...,Z1,Zo. Change zy slightly
until o matches its prescribed value. This is not an ef-
fective way to calculate all stationary states but it shows
that each stationary state is uniquely determined by x .
Furthermore, we can think of =, as a function of zy.
For N — oo this function will be nowhere differentiable
and the cut of it with a horizontal line gives a Cantor-
like set. Every point in this set corresponds to a certain
stationary state.

In our case xo(x ) is piecewise linear since the external
potential is piecewise harmonic. The pieces are produced
by the modulo term x; mod1 of Eq. (5) at each step of
the iterative computation of this function. They all have
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the slope (1 4 2b)" and they are separated by jumps of
height 2b (see Fig. 2) [18]. The lower and upper values of
each piece determine the interval inside which z¢ can vary
slowly without releasing an avalanche. At the boundary
of that interval some particle is exactly on a cusp of the
external potential. This particle will be destabilized if ¢
is moved slightly beyond the boundary. The important
point is that we are able to calculate this stability interval
for a given stationary state.

The key for an effective method to generate all sta-
tionary states for a prescribed zo is the existence of a
compact description, called “symbolic dynamics,” for all
stationary states. Each description is a list of exactly N
symbols which determines uniquely a stationary state.
We present two of them.

In the first symbolic dynamics the symbols, called well
numbers (see Fig. 1), are the integer parts n; = Int(z;) of
the positions z; [19]. By applying the Green’s function
method on 2(b + 1)z; — z;41 — ®i—1 = b(1 + 2n;) it is
easy to show that the positions z; can be reconstructed
uniquely by zo and the well numbers n;:

N
r; =C Z(l +2n;)0" 7 + agn + ann™ 7, (7)
j=1

with
b/2

C: —_—“‘mv
n=1+b—+/b(b+2). (9)

The coeflicients ap and ay are given by the solutions of

(8)

N
ag + nNaN =T — CZ(I + Zni)ni, (10a)
im1
a N
N -1 N—i
— =———+C 1+ 2n; . (10b
nag+n an 1_77+ ;(+")7l (10b)

Clearly Eq. (7) does not hold for arbitrary well numbers.

FIG. 2. The fixed end of the chain z, as a function the free
end z. The parameters are a = 1.3, b= 1, and N = 4.
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Only such well number configurations are allowed which
fulfill the self-consistency condition

i=1,...,N, (11)

n; = Int(x;),

where Int means integer part of. If a stationary state
is given we obtain a compact description of it by calcu-
lating the well numbers. Using (7) we can completely
reconstruct the stationary state from the well numbers,
i.e., there is a one-to-one relation between {zi,...,zn}
and {nq,...,ny}.

There is an even more compact description by using
the so-called f symbols (see Fig. 1) defined by

fi:ni+1_2ni+ni-—13 i’_‘l’-'-an (12)

with ny41 = ny — Int(a) and no = Int(ze). The f
symbols give a rough estimate of the resultant force on
the particles due to the springs (i.e., z;—1 — 2z; + Ziq1
which should be less than b). Using (5) we obtain the
following inequality:

If:| < Int(2 +b). (13)

For given f symbols we get for the well numbers
N
n; = Int(zo) — ¢ Int(a) — Z min(s, j) f;. (14)
=1

For particles in the bulk of the chain the position relative
to the potential well can be calculated directly from the
f symbols:

1 C ;
. — s — s = = . .pldl
z;modl =x; —n; = 3 + b Ej figin"'. (15)

This formula is obtained from Egs. (7) and (14) by shift-
ing the limits of the sums to +o0o and by dropping the a
terms in (7).

Next we describe a method for generating an arbitrary
stationary state. As a by-product we also get the sta-
bility interval. The method simply iterates intervals by
using Eq. (5). We start with the interval [0, 1) assuming
well number zero for the Nth particle. One iteration step
leads to the interval [—a — b,1 — a + b) which gives the
possible positions of particle number N — 1. In the next
iteration the modulo term in Eq. (5) cuts this interval
into subintervals since its length is greater than unity.
Because each subinterval should be treated separately
we have to choose which interval we want to iterate fur-
ther. The subintervals are uniquely labeled by the well
number because the cuts occur at integer points. This
iteration scheme leads immediately to the stability inter-
val (z¢ft, 27'9"*) because after we have chosen the well
number of particle ¢ = 1 we get the interval of all possible
positions of particle ¢ = 0 (i.e., the fixed particle) after
the next iteration step.

We finish this section with the calculation of the num-
bers of metastable states. With the method of the last
paragraph the total number of metastable states M(N)
can easily be calculated numerically. For large N this
number increases exponentially with N. The rate of in-

crease is the topological entropy v, i.e.,

. InM(N)
= —_— 1
v=m —y (16)
We can calculate v analytically with the following con-
siderations. First we rewrite Eq. (5) in the form

d,;+1 = d; + b[2((L‘, mod 1) — 1],
(17)
Tit1 = Ti+diyq.
This is a two-dimensional symplectic map similar to
Arnold’s cat map [20] (b = 1/2 corresponds to the origi-
nal cat map). Next we use a theorem of Pesin which says
that the metric (or Kolmogorov-Sinai) entropy is given
by the sum of the positive Lyapunov exponents averaged
over the invariant density [20]. The Lyapunov exponents
of the map (17) are +In7. Because the invariant density
of the map (17) is constant [20] the topological entropy
is equal to the metric entropy; therefore we get

v=—Innp=In[1+b+ +/b(b+2)]. (18)

This result is verified by direct numerical calculations.
III. NOTES ABOUT THE SIMULATION

In order to simulate infinitesimally slow driving (i.e.,
pulling speed v — 0) the simulation scheme is broken up
into two steps which are repeated as often as desired.

Driving step. For a given stationary state first the well
numbers n; and the stability interval (zic’?, z°9"*) of the
position of the fixed end of the chain z¢ are calculated
according to Sec. II. Then z is put near the edge but still
within the stability interval, i.e., 2o = xa'ght — €, where
€ < 1. Without changing the well numbers the new
positions z; are calculated according to Sec. II. Only the
positions of the particle near the fixed end are noticeably
shifted because the change is proportional to 7*. Finally,
Zo is put just outside the stability interval, i.e., zo =
zg'ght + €. In all simulations we have chosen € = 104,

Relazing step. For the simulation of the avalanche dy-
namics we use a predictor-corrector scheme described in
Ref. [21] which is superior to the well-known Verlet al-
gorithm [22] especially for potentials with cusplike sin-
gularities [21]. For the time step At of the integration
scheme we have chosen 0.01, 0.005, and 0.001 for b = 1,
b = 5, and b = 20, respectively. These time steps are
smaller at least by a factor of 200 than the fastest os-
cillation periods given by the maximum of the phonon
dispersion relation (6).

Because of dissipation of energy the avalanche dies
out. We use the following criterion for the death of an
avalanche. The barrier for a flip of a single particle into
a neighboring potential well is calculated under the as-
sumption that the neighboring particles are fixed. Be-
cause this barrier height is only approximately correct
we require that the kinetic energy should be less than
one tenth of this barrier height. If this criterion is ful-
filled for all particles the simulation for a single avalanche
is stopped.
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There is a strong similarity to cellular automata show-
ing SOC [6] where also a distinction is made between
driving rules and relaxing rules which are applied to sta-
ble states and unstable states, respectively. These au-
tomata can be seen to be driven in an “infinitely slow”
limit because the driving rules are not applied before even
the largest avalanche has died out.

We end this section with some remarks about the val-
ues we have chosen for the four system parameters a,
b, N, and g. In the study of the ground state of the
FK model the ratio between equilibrium length of the
springs and potential periodicity plays an important role
[2]. In our case this ratio is unimportant, because the
chain is driven far away from the ground state (see next
section). Only the strength and the probability of the
smallest avalanches are slightly changed. In fact most of
the energy is stored in the springs. We have chosen the
following values: equilibrium length a = 1.3; strength
of the external potential b = 1, 5, and 20; number of
particles N = 125 and 500 usually; damping constant
g = 1073-10. If not mentioned otherwise, all results are
obtained from simulation runs of 2 x 10* avalanches ex-
cept for b = 20 where the number of avalanches was only
104,

IV. THE SOC ATTRACTOR

The separation of time scales caused by the infinites-
imally slow driving leads to the definition of two phase
spaces. The first one is the usual phase space of a me-
chanical system defined by the positions and momenta of
all particles (including the zeroth particle). The second
phase space, called reduced phase space, a subspace of
the former one, is defined by all stationary states mod-
ulo an integer amount of the potential periodicity. A
point of it is given by the f symbols of the stationary
state. From Sec. II we know that the particle positions
can be reconstructed from the f symbols except that of
particle number zero (the fixed end). This is not a re-
striction because only the stability interval (zicf?, 279"t
is needed, which can be calculated from the f symbols.
The reduced phase space is discrete and finite, similar to
the phase space of cellular automata showing SOC [6].
Unstable states of these automata correspond to unsta-
ble states of the reduced phase space (i.e., sequences of
f symbols which do not correspond to stationary states
of the chain). The dynamics of an avalanche takes place
in the full phase space and cannot be uniquely projected
onto the reduced phase space.

Similarly to the distinction between two phase spaces,
we distinguish between the usual physical time t and an
integer pseudotime T which will be increased by unity af-
ter each occurrence of an avalanche. We also distinguish
between the full dynamics taking place in the full phase
space and the reduced dynamics which is a discrete dy-
namics on the reduced phase space. The reduced phase
space is defined in such a way that an avalanche shift-
ing the chain by one period of the potential leads to an
orbit of period 1. The reduced dynamics can be inter-
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preted as a cellular automaton with complicated nonlocal
rules. From the simulation scheme described in Sec. III
we see that the automaton is completely deterministic.
The automaton would be a stochastic one if we took into
account the unavoidable thermal noise which will be am-
plified by the chaotic nature of the avalanche dynamics
(see Sec. VI).

The physical time ¢ is not useful to describe the
whole dynamics since the mean time between successive
avalanches goes to infinity for pulling velocity v — 0. In-
stead, we use 9 = vt. Remember that during a single
avalanche zo is constant. In Sec. V we will see that,
on average, To(T + 1) — zo(7) remains finite even for
v — 0. Presumably, it will be independent of v for at
least very small values. Thus, knowing the distribution
of zo(7T + 1) — zo(7), we are able to calculate the distri-
bution of waiting times between successive avalanches.

Starting with the ground state the driving mechanism
will stretch the chain. Most of the avalanches release less
energy than the work due to stretching which is put into
the system between successive avalanches. This is still
true after a transition time where the system reaches an
attractor in the reduced phase space (see Fig. 3). The
transition time usually ends after the occurrence of the
first avalanche involving all particles of the chain.

We call this attractor the SOC attractor though the
avalanche distribution may strongly deviate from an ex-
pected power-law behavior (see Sec. V). It is a self-
organized balance between driving, which puts energy
into the system, and avalanching, which dissipates en-
ergy. The motion on the SOC attractor looks erratic
although we know that it can only be a periodic orbit
because of the finiteness of the reduced phase space. But
the recurrence time is very large, presumably of the same

10000 L
8000 r N -
it ,'J h
Lug /i T
4000" /'/ » r
i
/
2000 - / - -

0 T T T T 5 -4 -3
0 200 400600800100010 "10 10
T distribution

FIG. 3. Transient and SOC attractor of the reduced dy-
namics. The parameters are b = 1, N = 125, and g = 0.1.
The initial state is defined by f; = 0 for ¢ = 1,...,N. The
first avalanche which involves the whole chain is marked by
an arrow. The energy distributions of the SOC attractor and
of 5500 relaxation experiments with f = 0.6 (for details, see
text) are denoted by a solid line and a dotted line, respec-
tively.
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order as the number of stationary states. Thus it in-
creases exponentially with the number of particles.

In order to characterize the SOC attractor we first dis-
cuss the distribution of the potential energy

N
Epot = Z Vi(zi—1 — i) + Ve(z:).

i=1

(19)

The potential energy is calculated at the instability point
To = zgtght just before the avalanche starts. The simu-
lations show that the mean potential energy E,o; clearly
scales with N3. This scaling behavior can be easily un-
derstood if we assume that, on average, the local stress of
the chain z;_; + ;1 — 2z; is the same for each particle in
the bulk of the chain. Therefore the length of the springs
decreases linearly with the particle index from strongly
stretched at the fixed end to almost equilibrium length
at the free end. Using Eil i2 = N(N+1)(2N +1)/6
we get
—2

f

Eot/N® = i O(N7Y, (20)

where f = T;_; + &;;1 — 2x; is the mean local stress
which is equivalent to the mean f symbol per particle.
Using Eq. (5) it can be expressed in terms of the mean
position of the particle related to the potential well:
f=056(2z;mod1 - 1). (21)
Figure 4 shows that z; mod1 (and therefore also f) is
independent of . The deviation between f calculated
from Eq. (20) and from Eq. (21) is less than 1%. Since
the states are analyzed at the stability boundary :c(')’ght
the value 1 for z; mod 1 at 7 = 1 expresses the fact that
almost all avalanches start at the first particle.
The mean SOC attractor is similar to the attractor ob-
tained by pulling the chain with finite velocity v through
a viscous medium with no external potential (i.e., b = 0).

1.0 1 1 1 -l

el
o
£
< 0.4 ~
0.2 -
0.0 T T T T
0 25 5 75 100 125
FIG. 4. Temporal average of z;modl over 15000

avalanches. The parameters are b =1, N = 125, and g = 0.1.
The dotted line is the expected value assuming no ¢ depen-
dence and using Egs. (20) and (21).
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Here all particles travel with v. From the equation of mo-
tion (1) we get ;1 +; 41 —2z; = gv. Thus the potential
energy scales also like N3.

Figure 5 shows F,,ot /N3 for several values of b and
g. The mean potential energy increases with b and g.
The increase with b does not originate from the increase
of energy stored in the external potential, but from the
fact that the stretching of the springs can be increased
because of stronger particle pinning. The approximate
power law in g (exponent = 1.5) is similar to the power-
law behavior of residual energy as a function of cooling
rate expected in glassy materials [23]. This expectation
was recently confirmed [24] by simulations of a mechan-
ical model similar to the FK model (a chain of particles
with anharmonic on-site potential and harmonic nearest-
neighbor interactions). The cooling was simulated by
viscous damping (cooling rate proportional to damping
constant); the energy of the initial state was large enough
to allow the system to move in phase space unhindered
by potential barriers. Similar annealing simulations with
the FK model lead to residual energies much below the
mean energy of the SOC attractor because the residual
energy scales only with N. On the other hand, simu-
lations starting with stable initial states with potential
energies much larger than the mean energy of the SOC
attractor show that, on average, the energy of the state
after the first avalanche is almost identical with the mean
energy of the SOC attractor (see dotted energy distribu-
tions in Fig. 3) as expected for SOC [6].

The distribution of the potential energy of the SOC
attractor is strongly non-Gaussian. Figure 3 (solid line)
shows a typical example: a steep Gaussian-like increase,
a pronounced maximum, and a slow exponential-like de-
crease. There seems to be no universal distribution func-
tion which can be rescaled for different values of N, b,
and g in order to fit the data. Therefore no scaling laws
for the width of the distribution are expected. We only
found that the increase is stronger than N2 but weaker

than N3. Hence the relative width decreases with N.
101 1 ]
o b=20
10° * b=5 °L " L
o hb=1
107" : -
Ny 107 = -
LLJQ °
107> . < L
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g

FIG. 5. The mean potential energy Epo: as a function of
the damping constant g. The results are obtained from sim-
ulations with N = 500 and N = 125 for b < 5 and b = 20,
respectively.
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The dotted line in Fig. 3 shows the energy distribution
of the states into which stable states having very large
energies relax after the first avalanche. The distribution
is a sharp peak at the position near the steep Gaussian-
like increase of the distribution of the energy of the SOC
attractor. This fact is consistent with the observation
that very large avalanches of states of the attractor with
energies large above the mean value leave the system in
a state almost at the place of the sharp peak (see Fig. 3).

A typical distribution of z; mod1 is shown in Fig. 6.
An enlargement shows the self-similar character of this
distribution. If we were to generate stationary states by
iterating the map (17), all positions would be equally
probable because the invariant density is uniform (see
Sec. IT). The driving mechanism selects states with a po-
tential energy from a relatively small subinterval. Thus
the selecting mechanism forbids certain symbols or sym-
bol sequences. For example, for b = 1 and g = 0.1 the f
symbols +2 become almost forbidden symbols [the prob-
abilities are p(—2) = 2.1 x 10~* and p(2) = 4.7 x 1073]
whereas in the case of no selection p(+2) = 1/8. The
loss of symbols is reflected by the loss of possible values
for z; mod 1 because of (15). The fractality of the dis-
tribution is a well-known consequence of this fact (note,
e.g., the classical construction of the Cantor set, where

distribution

003 1 1 1 1
g g
g i
- 0.02-42 S )
e
5
pel
o
T 0.014
0.00
0.50 0.52 0.54 0.56 0.58 0.60

x, mod 1

FIG. 6. Distribution of z; mod1 averaged over the bulk
particles (i.e., from ¢ = 10 until 7 = 115). Parameters are
b=1, N =125, and g = 0.1. The larger peaks are marked
by sequences of sums of f symbols. A sequence is defined by
fi, fi—1 + fit1, fi—2 + fit2, --. The square bracket denotes
the width of possible values assuming f; € {—1,0,1}.
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one of three symbols is forbidden). Note that z; mod 1
is not uniquely given by the f-symbol sequence; we need
z;mod]l and z;4; mod1l in order to get the f-symbol
sequence. Thus Fig. 6 is in fact a projection of a two-
dimensional fractal distribution.

V. AVALANCHE STATISTICS AND THE
DYNAMICS ON THE SOC ATTRACTOR

After presenting the statistical properties of the SOC
attractor we investigate the reduced dynamics on it.
First, we are looking at the distribution of avalanches.

There are several properties of an avalanche which can
be measured:

Strength. There are two ways to measure the strength
of an avalanche:

(a) The most natural way is to measure the difference
AFE,q of the potential energies just before and after the
avalanche. Note again that for most avalanches (i.e., for
all small avalanches) AE,; is less than the energy put
into the system between two successive avalanches (see
Fig. 3).

(b) Another way usually used in connection with the
BK model is to sum over the displacements of all particles
before and after the avalanche,

AN'
S =" japfter — gefore. (22)
1=1

If 227" > gbefome holds for all i then S/N is equivalent
to the displacement of the center of mass.

Length. Almost all avalanches start at the first particle
(only for large values of g is there a considerable number
of avalanches starting at the second or third particle).
Therefore we can define the length L of an avalanche
as the index of the furthest particle changing its well
number:

L =max{ie€ {1,....N}|n?ﬂ”#n?ef""”}. (23)

Duration. As the duration D of an avalanche we de-
fine the time needed to fulfill the stopping criterion (see
Sec. III).

In the following we present cumulative densities of all
these properties. The cumulative density p(z) is the
probability p to find an event y greater than z. If it is a
power law of the form p(z) oc 2™ B the event distribution
is also a power law, i.e., p(z) = dp/dx x =B~ 1.

Figures 7(a)-7(c) show cumulative densities of
avalanche strength for b = 1, b = 5, and b = 20, respec-
tively. All curves are shifted by log,, 9. We do not find
pure power laws. There are of course finite-size cutoffs for
very strong avalanches and steps for very weak avalanches
caused by the discreteness of the reduced dynamics. But
the intermediate parts do not show nice straight lines.
For low damping values we see a pronounced crossover
on Figs. 7(a) and 7(b). Above the crossover (i.e., for
strong avalanches) a power law emerges which becomes
visible only if the number of particles N is large enough.
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FIG. 7. Cumulative densities of avalanche
strengths. The curves are denoted by g and

they are shifted by log,, g.
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In Fig. 7(a), for example, it is not seen for N = 125 be-
cause N is too small. Presumably the power law found
for N = 500 continues for larger N and the finite-size
cutoff shifts to higher values. This is confirmed by a
simulation with 2000 particles for & = 1 and g = 0.3.
The exponents B(AEret) and B(S) vary between 0.4 and
O 6. Similar values are found for the FK models treated
K? ,8]. For large values of b and small damping values
Epot) becomes larger than B(S). An example is shown
in Fig. 7(c) for b = 20 and g = 0.01. Here B(4Fret) ~ 0.8
and B(®) ~ 0.5.

Figures 8(a)-8(c) show cumulative densities of
avalanche length and duration. Distributions of length
are qualitatively similar to distributions of strength.
There is also a crossover for b < 5 and small damp-
ing. The crossover shifts to lower values of L if b in-
creases. Above the crossover (i.e., for large avalanches)
the power-law exponent B(F) is roughly equal to unity.
The significant drop at L = N means that the probabil-
ity of an avalanche affecting the whole chain p(L = N) is
much larger (usually by two orders of magnitude) than
the probability for the largest avalanche which just stops

(@ ,

125
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before the end. The absolute value of p(L = N) varies
between 2 x 10~2 and 2 x 10~2. Distributions of duration
show power laws only for b =1, g = 0.1, and g = 0.3 with
BD) x~ 1.5 and BP) = 1.3, respectively.

In order to study the dynamics on the attractor it
would be useful to have some visualization of the tra-
jectories on it. One way is to print a list of f-symbol
sequences representing successive states. But it would
be difficult to interpret this list. For example, a jump
of one particle into its neighboring potential well leads
to a change not only of its own f symbol but also of
the f symbol of its neighbors. Therefore we choose a
different representation. From Sec. IV we know that
the position of each particle is roughly given by z; =
To — ai + (i — 2N — 1)f/2. If this relation is exact,
z; + ai + i(2N + 1 — i)f/2 plotted as a function of i
would give straight lines. Figure 9 shows what actually
happens: we get wiggly lines instead of straight lines.
Since an avalanche usually involves only the part of the
chain near its fixed end, these lines build up a treelike
structure. The height of a branching point is the length
L of the avalanche whereas the area between two lines is

100

75

50

300 400
x+ai+i(2N+1- ;)f/2

125

FIG. 9. Examples of trajectories on the
SOC attractor for (a) b = 1, N = 125,
and g = 0.1 and (b) b = 5, N = 125, and
g = 0.03. The states just before an avalanche

100

75

1000 O
x+ai+i(2N+1-i) f /2

are drawn. The mean shape of the chain
i(¢ — 2N —1)f/2 — ai is subtracted from =;,
where (a) f = 0.138 and (b) f = 0.187.
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the strength S. An inspection of the figures shows that
almost always z;(T + 1) > x;(r). Therefore S/N is the
displacement of the center of mass.

From Fig. 9 we also see that, on average, z¢ has to be
shifted by a finite amount in order to trigger the next
avalanche. Because of (2) zg is proportional to the time.
Therefore zo(7 + 1) — o(7) is the waiting time between
successive avalanches measured in time units given by the
inverse pulling speed v. Figure 10 shows distributions of
Zo(T + 1) — zo(7). They are also self-similar like the dis-
tributions of z; mod 1 (see Fig. 6). From Sec. II we know
that zo(7 + 1) — zo(7) < x4 — zie* = 1/n. Choos-
ing stationary states randomly, o would be equally dis-
tributed between mf)ef ¢ and :cgight. Therefore we expect
the mean value zo(T + 1) — zo(7) = n71/2. From the
simulation where a specific selection takes place we found
that the mean value is always less than 771/2. It in-
creases with decreasing damping and seems to approach
this value for g — 0.

One might expect that a tiny shift of ¢ may trigger an
avalanche. But this not the case (see Fig. 10). There is

(@)
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a gap near zero where the probability to find a value for
zo(T+1) —zo(7) in this gap is almost zero. Although the
system is driven far away from equilibrium and a huge
amount of energy is stored in the chain, a finite amount
of energy is needed in order to trigger an avalanche. For
large values of the damping constant the gap shrinks to
zero and a finite density at zero appears. As a conse-
quence we also find avalanches which start not at the
first particle but at particles deeper in the chain.

From experiments on two objects which are in dry con-
tact and which are moved very slowly against each other
it is well known that the pulling force fluctuates. It is ex-
pected that the power spectra of these fluctuations will
show a power law l/fB(F) [25,26]. Figure 11 shows the
pulling force as a function of zo. The pulling force is
o — ¢; — a. The jumps correspond to avalanches. The
power law clearly shows 1/f noise. For weaker damp-
ing the exponent B(F) increases and seems to reach 2 for
g — 0. The oscillations in the power spectra are caused
by the nearly periodic appearance of the avalanches.
Therefore the frequency of the first peak is roughly given
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by 1/zo(7 + 1) — zo(7). These results are independent of
the chain length N and nearly independent of the poten-
tial strength b.

VI. DETAILS OF SINGLE AVALANCHE
DYNAMICS

In this section we take a closer look at the dynamical
process of a single avalanche. This will give us some in-
sight into the question of how the chain is able to organize
itself into a critical state.

Figures 12 and 13 show for b = 1 and b = 5, respec-
tively, two typical examples of large avalanches which
do not hit the end of the chain. The dynamics are vi-
sualized by (a) kinetic energy plots where a gray scale
shows the kinetic energy of each particle averaged over a
time period given by the smallest phonon frequency, and
(b) displacement plots where for equidistant time steps
the displacement of each particle from its initial value is
drawn. We easily see two types of propagations.

Sound waves. These are the smooth waves at low level
in the kinetic energy plots. They are linear waves. From

(a) 0
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the phonon dispersion relation (6) we immediately calcu-
late the sound velocity vs as

_ dwp — ,1/2
vs =max —= =7n"'" (24)
where 7 is given by (9). This formula agrees very well
with the sound waves found in the simulations.

Shock waves. These are the sharp waves at high level
in the kinetic energy plots. They are nonlinear waves of
propagating hopping events. This is easily seen in the
displacement plot of the first shock wave which starts
at the first particle and propagates to the right. Shock
waves can stop at certain points. They can be partially or
totally reflected at some points. Thus they propagate in
different directions and most particles will be hit by more
than one shock wave. A shock wave is often accompa-
nied by several delayed shock waves propagating in the
same direction. The velocity is not constant during a
shock wave but varies only slightly. However, it is always
larger than the sound velocity. The driving mechanism is
the release of energy during particle hopping. We give a
rough estimate of the released energy E..; of a single par-

FIG. 11. Pulling force and its power spec-
10 trum for (a) b = 1, N = 250, and g = 0.1
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and (b) b =5, N = 125, and g = 0.1. The
line has the slope —1.1 and —1.2 for (a) and
(b), respectively. The arrows denote the fre-
quencies corresponding to the mean distance

between two successive jumps of the pulling
force.
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ticle hopping. Compare two configurations where only
one particle changes its position from z?°7°"® to z2fte",

7 1

Neglecting the energy of the external potential we get

Erel — (Igfter _ z?efore)(xi+l +xiq — I;‘lfifer _ Ii)efm‘E).
On average, we get

Erel ~ ‘_1?7 (25)
where d is the averaged displacement z2/*" — gbefore

and f is the mean local stress of the chain introduced in
Sec. IV. Shock waves are possible only if the local stress
of the chain is unequal to zero.

It is expected that the SOC attractor is a critical
state in the sense that, on average, perturbations (i.e.,
avalanches) are just able to propagate through the whole
system [5]. In the sandpile metaphor the slope of the
pile is the dynamical “control parameter” which moves
into the critical point. The corresponding, self-organizing
“control parameter” in our model is the Peierls barrier
of the shock waves, which they experience because of
the discreteness of the chain. The barrier height is pro-

(@)
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portional to the strength of the external potential b, it
decreases with increasing local stress f, and it shrinks to
zero for f — b which corresponds to the stable stationary
state with the largest energy. It is difficult to quantify
the barrier height. Instead, we use the mean local stress
f.
In order to understand why the Peierls barrier is the
self-organized “control parameter” we introduce a much
simpler model, where the barrier is a control parameter.
The model is a single damped particle on a tilted “wash-
board:” the slope f of the washboard is the control pa-
rameter. There is also a barrier which decreases with
increasing slope. Thus, the slope f corresponds to the
mean local stress f. Propagating particle means shock
wave and pinned particle means stationary state. The
key property of the washboard model and the FK model
is the bistability between propagation and pinning due
to inertia. Bistability is possible only if the control pa-
rameter is above a critical value f.. The question is now:
does the weakly driven FK model organize its “control
parameter” (i.e., the mean local stress) in such a way
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0 100 200 300 400 500 FIG. 12. A time-resolved single avalanche
particle index for b = 1, N = 500, and g¢ = 0.03.
Avalanche parameters: AEpo; = 2.65 x 10°,
S =4.37x10% L = 386, and D = 1.05 x 10°.
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FIG. 13. A time-resolved single avalanche
for b = 5, N = 500, and ¢ = 0.03.
Avalanche parameters: AE,o; = 1.67 x 10%,
S =8.96 x10*, L = 435, and D = 9.45 x 10%.
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that f ~ f., where an avalanche is just able to propagate
through the whole chain?

In order to answer this question numerical experiments
of the following type were done. A chain with 500 par-
ticles is prepared in a state with a periodic f-symbol
sequence. The beginning of the chain (i.e., the first 15
particles) is “overloaded” which means that the mean lo-
cal stress is much larger than for the rest of the chain.
For the same initial state but varying damping constant
g it is determined whether the avalanche propagates un-
til the end of the chain or not. The experiments were
done for b = 1. The f-symbol sequences were generated
by a Markov process with transition probabilities derived
from the distribution of two-symbol words taken from ac-
tual simulations for g = 0.03 and g = 0.3. The lengths of
the f-symbol periods were 50 and 40, respectively. The
experiments give clear evidence for the existence of a g.
with the property that for g > g. all avalanches always
stop before reaching the end of the chain, and for g < g,
they always reach the end. The filled squares and trian-
gles in Fig. 14 show the relation between g. and the mean
local stress f. The small fluctuations are caused by the
fact that different f-symbol sequences with the same f

500

may have slightly different Peierls barriers. Nevertheless
we can draw a curve f.(g) through these points. Above
this curve shock waves propagate. The open and larger
squares in the figure denote the mean local stress from
the SOC simulations. They lie directly on the curve.
Therefore the FK model selects a mean local stress for
which a perturbation is just able to propagate through
the whole chain.

VII. THE TRANSITION TO REGULAR
BEHAVIOR

For large g the SOC behavior will eventually disappear
and regular behavior takes place. It is characterized by
periodic orbits where always the same states periodically
reappear, only shifted by some integer amounts of the
periodicity of the external potential. The simplest orbit
has period 1, and the avalanche is a single shock wave
propagating from the pulled end to the free end of the
chain. Orbits with higher periods contain at least one
avalanche with L = N. Typically a large avalanche is
accompanied by very small ones (L < 10).
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There is no sharp transition from regular to irregular
behavior. For example, for b = 1 and N = 125 period-
2 orbits were found for ¢ = 0.28 and g = 0.4, whereas
for g = 0.9 in a particular simulation no periodicity was
found after 2 x 104 avalanches. Thus, there is a broad
transition regime (g ~ 0.28-0.95 for b = 1) of coexistence
of regular and irregular behavior. There also is multista-
bility between different periodic orbits. The number of
periodic orbits and their basin of attraction (in the re-
duced phase space) seem to increase with g. It is difficult
to decide whether an irregular orbit is indeed aperiodic
(i-e., having a period comparable to the recurrence time)
or whether it is only a transient. The avalanche statistics
of the irregular cases deviate from the behavior shown in
Sec. V. The degree of deviation increases with g. For
g = 0.9 the distribution of the large avalanches show an
exponential law instead of a power law. One reason may
be an intermittent behavior where the erratic sequence
of avalanches is interrupted by a regular episode of the
following type: similar to the periodic case, one large
shock wave travels through the chain up to a certain point
and shifts all particles by the same integer amount. The
stopping point comes nearer and nearer to the beginning
of the chain from avalanche to avalanche. The regular
episodes last at most until the stopping point reaches
the beginning of the chain. Again these large avalanches
may be accompanied by tiny ones.

In order to understand the behavior in this transition
regime we look again at the single avalanche dynamics.
Figure 15 shows an example for g = 0.9. The sound
waves are nearly suppressed, and only shock waves are
visible. At certain points they stop, change their di-
rection of propagation, or split into two waves. The
f-symbol sequence of the initial state of this particular
example is the periodic pattern {0,1,0,1,...} with some
imperfections. For example, around ¢ = 35 it is changed
into {...,0,1,0,1,1,0,1,1,0,0,1,0,1,...}. At that im-
perfection the initial shock wave splits into two waves
[see Fig. 15(a)]. Before it reaches the splitting point it
shifts each particle by unity [see Fig. 15(b)]. A similar
shift happens during the propagation of the backward
traveling wave.

We conclude from the inspection of Fig. 15(b) that al-
most all shock waves are regular, although the overall dy-
namics may be irregular. There are two types of regular
shock waves. The first type turns a regular state (rep-
resented by a periodic f-symbol sequence) into the same
state with the same f-symbol sequence only shifted by
an integer. The other type turns a regular state into an-
other regular one with a different f-symbol sequence but
the same mean local stress. Regular shock waves are pe-
riodic solutions of the equation of motions (1) with given
boundaries for i — +o0o. For example, a shock wave of
the first type which shifts the state {...,1,1,1,...} by
unity is given by z;(t) = n; + (9 + £(i — ct), where
z(© = (1 - 1/b)/2, c is the velocity, and £ is a solution
of the delay-differential equation

PE(t) — cg€(t) = E(t +1) +€(t — 1) — 2(1 + b)E(2)
+260(E(t) — 1 + '), (26)

where © is Heaviside’s step function. The boundary con-
ditions are £(t — £oo) = (1 & 1)/2. Such a regular
shock wave is possible only if (26) has a solution. Any
regular shock wave is a solution of a similar boundary
value problem of a delay-differential equation (or a set of
them). If g is larger than a critical value g. the boundary
value problem will only have a solution for ¢ = 0, i.e., a
stationary kinklike structure. This is the same g. as in
Sec. VI.

Instead of solving such boundary value problems, nu-
merical studies were performed by preparing both halves
of the chain in the states defined by the boundary con-
ditions. In the case of regular shock waves, the interface
in the middle of the chain evolves into a single, confined
shock wave if g is just below g.. The state behind the
shock wave may not be the same as given by the bound-
ary values if the shock wave is of type 2. We found a sec-
ond critical value g7 < g. below which the regular shock
wave turns into an irregular one. An irregular shock wave
is distinguished from a regular one by the fact that the
particles behind it do not relax into a regular state. In-
stead they move further than is necessary to build up
a state with same mean local stress as before the shock
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wave. This motion caused by inertia tends to decrease
the mean local stress. Usually additional shock waves will
be generated, some propagating backward, some forward
but delayed. The state behind the initial shock waves
become unpredictable although the initial state is regu-
lar. From the numerical experiments it is not possible
to decide whether the irregular shock waves are caused
by an instability or by the disappearance of the regular
ones. Almost all shock waves in Figs. 12 and 13 are of
the irregular type.

From Sec. VI we already know that g. is a monotoni-
cally increasing function of the mean local stress f. The
same property holds for g7. Numerical observations lead
to the conjecture that regular shock waves are not possi-
ble (i.e., g7 = g.) for mean local stresses below a critical
value f.. The corresponding value of g. where this hap-
pens defines the lower bound of the transition regime
g'¢*. Thus for g < g2 the inherent chaotic behavior of
the irregular shock waves prevents the dynamics in the re-
duced phase space from becoming regular. The irregular
behavior for g > g} is caused either by irregular shock
waves or by irregularities of the initial state. These ir-
regularities are unavoidable even for regular initial states

because they are generated by the regular shock waves
at boundaries. But a careful construction of the initial
states makes it possible to find small periodic orbits in
the reduced phase space even for very low values of g.
The above mentioned orbits for g = 0.28 and g = 0.4
were constructed in this way. The f-symbol sequences
are {(0,0,1)%,(0,0,0,1,0,0,1)*"} and {(0,0,1)*},0,1},
respectively [27]. The other parameters are a = 1.3,
b =1, and N = 125. These orbits will be stable if the
parameters of the systems are changed only slightly. But
they are unstable if only one symbol is changed.

There seems to be no clear definition for the up-
per bound of the transition region. With increasing
g the probability for irregular shock waves is reduced
eventually to zero. But as mentioned above this does
not exclude irregular behavior. The following obser-
vation may be important: for b = 1 and ¢ = 0.95
a huge number of states (but not all) of the form
{(1,0)™,1,(1,0)™=2,1,...,(1,0)™™ 1,1} are reproduced
by an orbit of period 1 or 2. Thus, the upper bound may
be defined by the point where an irregular state is repro-
duced by a regular shock wave.
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VIII. CONCLUSION

In this paper the self-organization due to weak local
driving (i.e., slow pulling of one end of the chain) of the
damped FK model with a piecewise parabolic potential
was studied in detail. The piecewise parabolic poten-
tial makes it possible to drive the system infinitesimally
slowly because stability intervals of all stationary states
are computable. Therefore, as in “sandpile” models, a
separation of the dynamics between driving (putting the
system at the edge of the instability) and relaxing due to
an avalanche is possible.

The driving mechanism leads to an attractor which is
characterized by the fact that, on average, the difference
between successive springs (i.e., ;41 — 2z; + ;1) called
local stress is equal for each particle in the bulk of the
chain. The mean local stress corresponds to the mean
slope of a sandpile. And, as in those “sandpile” mod-
els, it also organizes itself into a critical state where a
perturbation is just able to propagate through the whole
chain. The mean local stress is the self-tuned “control
parameter” of the system, because particle hopping re-
leases energy by reducing local stress. The released en-
ergy drives shock waves of particle-hopping events which
build up avalanches. The mean local stress of the chain
has the same effect as a constant externally controlled
force applied to each particle. The coexistence between
propagation and pinning due to inertia is responsible for
SOC.

The chain must be relatively long (N > 125) in order to
get power laws of the distributions of avalanche strengths
and lengths. The weaker the potential the longer it must
be. The discreteness of the model means that SOC is
a statistical property clearly visible only in the thermo-
dynamic limit. We have measured the cumulative dis-
tributions of the avalanche strength calculated either by
the energy drop AE,, or by the displacement sum S
(in almost all cases S/N is the displacement of the cen-
ter of mass). In both cases the exponent is roughly 1/2,
whereas it is roughly 1 for the avalanche length. We
have also measured the power spectra of the fluctuating
pulling force. The exponent increases from 1 to 2 with
decreasing damping constant.

If dissipation is strong enough the irregular behavior of
the SOC regime will turn into a regular one. In the reg-
ular regime a sequence of states reappears periodically.
only rigidly shifted by an integer multiple of the period-
icity of the external potential. The transition between
irregular and regular behavior is relatively broad. It is
characterized by the coexistence between irregular be-
havior and several periodic orbits. In the irregular case
the type of avalanche distribution changes smoothly from
a power law at the lower edge of the transition regime to
an exponential law at the upper edge. The irregular non-
SOC behavior is accompanied by a kind of intermittency.

As mentioned in the Introduction, the FK model is
very similar to the BK model and in fact it becomes
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the BK model for b — oo. In [15] the BK model
was also driven by slow pulling of one end of the chain
(train model). The exponents of the power laws of the
avalanche distributions are in good agreement with our
results from the FK model. Preliminary simulations have
shown that we also get similar results as in [12,13] if the
FK model is driven like the BK model in those papers
(i.e., all particle are connected with a slowly moving rigid
plate via soft springs). In particular, the same kind of
phase transition as in [13] occurs if the friction parameter
is varied. In [13] it is argued that in such uniformly driven
BK models criticality needs some fine tuning rather than
being self-organized.

In [9] the FK model was also driven by slowly pulling
one end of the chain. But the external potential was
given by randomly distributed pinning centers, and the
dynamics was a kind of overdamped dynamics. That is.
instead of simulating the avalanche dynamics the next
state was chosen by the rule to take the state with the
smallest shift of the center of mass. The distribution of
avalanche strength measured by the energy drop gives a
power law with an exponent of roughly 0.8, i.e., half of
the value we obtained. The distributions of the center-
of-mass displacements do not show any power law. The
power spectra of the pulling force shows a 1/f!° law
which is roughly similar to our results.

Concerning the conditions for SOC there remain a
number of open questions. (i) What is the role of a
random external potential? (ii) What are the effects of
different types of driving (uniform versus nonuniform, re-
ducing the number of metastable states versus leaving it
constant)? (iii) For which kind of models is inertia im-
portant? (iv) What is the role of the dimensionality of
the model?

Another important and open question not concerning
SOC is: what happens for finite pulling velocities? For
small velocities avalanching will still be the dominant be-
havior as long as the averaged waiting time between suc-
cessive avalanches is smaller than the averaged avalanche
duration. For larger velocities the chain will never be at
rest. For small values of the damping constant phonon
resonances are expected [28]. For very large velocities a
strong damping force will dominate the force from the
external potential. Thus we expect the same behavior
mentioned in Sec. IV, paragraph 7.
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FIG. 12. A time-resolved single avalanche
for b = 1, N = 500, and ¢ = 0.03.
Avalanche parameters: AFE,,: = 2.65 x 103,
5 =4.37%x10", L = 386, and D = 1.05 x 10°.
(a) Density plot of the kinetic energy aver-
aged over 27/+/2b. (b) Displacement curves
zi(t) — x;(0) for equidistant time steps At
with At = 20.
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FIG. 13. A time-resolved single avalanche
for b = 5, N = 500, and ¢ = 0.03.
Avalanche parameters: AFE,. = 1.67 x 10%,
S =8.96 x10*, L = 435, and D = 9.45 x 10%.
(a) Density plot of the kinetic energy aver-
aged over 2n/+v/2b. (b) Displacement curves
zi(t) — z;(0) for equidistant time steps At
with At = 20.
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FIG. 15. A time-resolved single avalanche
for b = 1, N = 125, and g = 0.9.
Avalanche parameters: AFE,, = 7.89 x 102,

=1.47x10*, L = 113, and D = 4.19 x 10°.
(a) Density plot of the kinetic energy aver-
aged over 27/ V2b, (b) Displacement curves
zi(t) — z:(0) for equidistant time steps At
with At = 5.



